C*-ALGEBRAS ASSOCIATED WITH 
LAMBDA-SYNCHRONIZING SUBSHIFTS AND 
FLOW EQUIVALENCE 



KENGO MATSUMOTO 

Abstract. A certain synchronizing property for subshifts called A-synchronization 
yields A-graph systems called the A-synchronizing A-graph systems for the sub- 
shifts. The A-synchronizing A-graph system is a left Fischer cover analogue for 
a A-synchronizing subshift. We will study algebraic structure of the C*-algcbra 
associated with the A-synchronizing A-graph system and prove that the stable 
isomorphism class of the C*-algebra with its Cartan subalgebra is invariant 
under flow equivalence of A-synchronizing subshifts. 



Keywords: subshifts, C*-algebras, A-graph systems, flow equivalence, K-groups, 
Bowen- Franks groups. 

Mathematics Subject Classification 2000: Primary 46L05; Secondary 05A15, 
37B10. 



1. Introduction 

Let E be a finite set with its discrete topology. We call it an alphabet and 
each member of it a symbol or a label. Let E z , E N be the infinite product spaces 
rii^-oo ^tj ^ where Ej = E, endowed with the product topology respectively. 
The transformation a on E z given by a{{xi)i^£) — for (xj)jgz £ E z is 

called the full shift. Let A be a shift invariant closed subset of E z i.e. c(A) = A. The 
topological dynamical system (A, <x|a) is called a subshift or a symbolic dynamical 
system, and simply written as A. Theory of symbolic dynamical systems forms a 
basic ingredient in the theory of topological dynamical systems (see [15], [28] ). 

The author has introduced a notion of A-graph system, that is a labeled Bratteli 
diagram with an additional structure called i-map ([31]). A A-graph system £ 
presents a subshift and yields a C*-algebra 0£ ([34]). For a subshift A, one may 
construct a A-graph system £ A called the canonical A-graph system for A in a 
canonical way. It is a left Krieger cover version for a subshift. The C*-algebra 
£ a for £ A coincides with the C*-algebra 0\ associated with subshift A ([29], cf. 
[5]). It has been proved that the stable isomorphism class of the C*-algebra 0\ 
is invariant under not only topological conjugacy of A but also flow equivalence 
of A, so that the K-groups Ki{OtC),i = 0,1 and the Ext-groups Ext l (0A)>i 
0. 1 are invariant under flow equivalence of subshifts ([7], [32], [33]). The latter 
groups Ext 1 (0a), i = 0,1 have been defined as the Bowen- Franks groups for A 
([32], [33]). For an irreducible sofic shift, there is another important cover called 
the (left or right) Fischer cover. The (left) Fischer cover is an irreducible labeled 
graph that is minimal (left)-resolving presentation, whereas the (left) Krieger cover 
is not necessarily irreducible. 



In [27], a certain synchronizing property for subshifts called A-synchronization 
has been introduced. The A-synchronizing property is weaker than the usual syn- 
chronizing property, so that irreducible sofic shifts are A-synchronizing as well as 
Dyck sihifts, /3-shifts, Morse shifts, etc. are A-synchronizing. Many irreducible sub- 
shifts have this property. For a A-synchronizing subshift A there exists a A-graph 
system called the A-synchronizing A-graph system £ A ( A ). The A-synchronizing A- 
graph system for an irreducible sofic shift is the A-graph system associated to the 
left Fisher cover. Hence the A-synchronizing A-graph systems are regarded as the 
left Fisher cover analogue for A-synchronizing subshifts. 

In [40], it has been proved that the K-groups and the Bowen- Franks groups for 
a A-synchronizing A-graph system are invariant under not only topological conju- 
gacy but also flow equivalence, so that they yield flow equivalence invariants of 
A-synchronizing subshifts. 

In this paper, we will first study algebraic structure of the C*-algebra Oa(A) 
associated with the A-synchronizing A-graph system £ A ( A ) for A, and show that if 
A is A-synchronizingly transitive, the algebra Oa(A) is simple (Theorem 3.7). We 
will next prove that the stable isomorphism class of the C*-algebra Oa(A) with its 
Cartan subalgebra is invariant under flow equivalence of A-synchronizing subshifts 
(Theorem 4.17). As a consequence we have a C* -algebraic proof for the above men- 
tioned fact that the K-groups and the Bowen-Franks groups for the A-synchronizing 
A-graph system are invariant under flow equivalence (Corollary 4.18). 

2. A-SYNCHRONIZING A-GRAPH SYSTEMS 

Let A be a subshift over S. We denote by X\(c X N ) the set of all right one-sided 
sequences appearing in A. For a natural number I £ N, we denote by Bi (A) the set 
of all words appearing in A with length equal to I. Put £?*(A) = U^ .B;(A) where 
Bq(A) = {0} the empty word. For a word fj, = n\ ■ ■ ■ ^ £ £?*(A), a right infinite 
sequence x = (xi)i e ^ £ Xa and I £ Z + , put 

17 (m) = {v\---v l £ Bj (A) I v x ■ 
TY{x) = {v 1 ---v l £B l {k) I (v u 
T+(p) ={ui-"Uie Bj (A) I mi 

r+(/i) = u£ r+( M ). 

A word (i — jUi • • • fik G -B*(A) for I £ Z + is said to be I- synchronizing if for all 
to £ r+(/i) the equality 

r r(A*) = r r(M^) 

holds. Denote by <S;(A) the set of all ^-synchronizing words of A. We say that an 
irreducible subshift A is X- synchronizing if for any 77 £ Bi(A) and k > I there exists 
v £ Sfc(A) such that nv £ Sk-i{A). Irreducible sofic shifts are A-synchronizing. 
More generally, synchronizing subshifts are A-synchronizing (see [2] for synchro- 
nizing subshifts). Many irreducible subshifts including Dyck shifts, /3-shifts and 
Morse shifts are A-synchronizing. There exists a concrete example of an irreducible 
subshift that is not A-synchronizing (see [27]). 

Proposition 2.1 ([40], cf. [21], [27]). X- synchronization is invariant under not 
only topological conjugacy but also flow equivalence of subshifts. 
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■ • vim ■ • ■ Hk e 5* (A)}, 

■ • • ,V t ,Xi,X2, ■ ■ •) £ X A }, 
■ ■■(J.kUi ■■ -ui £ -B*(A)}, 



For v € -B*(A), we say that fj, is Z-past equivalent to v if T ; (/x) = T ; (i/). We 
write it as ~ v. The following lemma is straightforward. 

Lemma 2.2 ([27], [40]). Let A be a A- synchronizing subshift. Then we have 

(i) for /j, G Si(A), there exists fi' G Si+\(A) such that ~ //. 

(ii) for /j, G Si(A), there exist (3 G E and ^ e 5; + i(A) smc/i £/iaf \i ^ {3v . 

A A-graph system is a graphical object presenting a subshift ([31]). It is a 
generalization of a finite labeled graph and yields a C*-algebra ([34]). Let £ = 
(V,-E, A, i) be a A-graph system over E with vertex set V = Ui e z + Vi and edge 
set E = L>i e z + Eid+i with a labeling map A : E — > E, and that is supplied with 
surjective maps t(= t;,z+i) : VJ+i — > V; for Z G Z+. Here the vertex sets Vi, I G Z+ are 
finite disjoint sets. Also Ei t i + \,l G Z + are finite disjoint sets. An edge e in -E^z+i has 
its source vertex s(e) in V; and its terminal vertex t(e) in VJ+i respectively. Every 
vertex in V has a successor and every vertex in Vi for / G N has a predecessor. It 
is then required that there exists an edge in i?u+i with label a and its terminal is 
v G Vi + i if and only if there exists an edge in Ei_u with label a and its terminal 
is i(v) G Vi. For u G V{-\ and v G VJ + i, put 

E i,i+i( u , v ) = ( e e fij+i I t(e) = u,t(s(e)) = u}, 

E\^ l {u lV ) = {e G B,.!,, | a(e) = u,t(e) = 

Then we require a bijective correspondence preserving their labels between E\ l+1 (u, v) 
and £?' -1 ' (u, i>) for each pair of vertices tt, v. We call this property the local prop- 
erty of A-graph system. We call an edge in E a labeled edge and a finite sequence 
of connecting labeled edges a labeled path. If a labeled path 7 labeled v starts 
at a vertex v G Vi and ends at a vertex u G Vi+ n , we say that v leaves v and 
write 5(7) = v,t(-f) = u, A(7) = We henceforth assume that £ is left-resolving, 
which means that t(e) 7^ f (/) whenever A(e) = A(/) for e, f G S. For a vertex 
v G V; denote by r ; ~~ (w) the predecessor set of v which is defined by the set of words 
with length I appearing as labeled paths from a vertex in Vo to the vertex v. £ is 
said to be predecessor-separated if T7(v) ^ V7(u) whenever u, v € Vi are distinct. 
Two A-graph systems £ = (V,E, A, u) over E and £' = (V , E' , A', 1') over E are 
said to be isomorphic if there exist bijections <Py ■ V — > V and <Pe ■ E — > E' 
satisfying ^y(V;) = V{ and $e{Ei.i+\) = E[ l+l such that they give rise to a la- 
beled graph isomorphism compatible to 1 and d . We note that any essential finite 
directed labeled graph Q = (V, £, A) over E with vertex set V, edge set £ and la- 
beling map A : £ — > E gives rise to a A-graph system £g = (V, E, A, 1) by setting 
Vi = V, E u+1 =£,L = id for all I G Z+ (cf.[34]). 

For a A-synchronizing subshift A over E, we have introduced a A-graph system 

£ A(A) = ^A(A) )£ ;A(A) )A A(A) )t A(A)) 

defined by A-synchronization of A as in the following way ([27], [40]). Let T^ A(A) be 
the /-past equivalence classes of Si(A). We denote by \p]i the equivalence class of 
/i G Si(A). For v G 5;+i(A) and a G Y^(v), define a labeled edge from [av)i G 
to [v]i G labeled a. Such labeled edges are denoted by Ei^\. Denote 

by A A < A ) : E^\ — -> E the labeling map. Since S* ;+ i(A) C Si (A), we have a 

natural map \p]i+i G — > \p]i G that we denote by Then 

3 



£ A ( A ) = ,E X(A \ A A(A) ,t A(A) ) defines a predecessor-separated, left-resolving 

A-graph stsem that presents A. We call £ A ( A ) the canonical A-synchronizing A- 
graph system of A. 

The canonical A-synchronizing A-graph system may be characterized in an in- 
trinsic way. Let £ = (V, E, A, t) be a predecessor-separated, left-resolving A-graph 
system over £ that presents a subshift A. Denote by {v[, . . . , v 1 ,^} the vertex set 

Vi at level I. For an admissible word v G B n (A) and a vertex v\ G Vj, we say that 
v\ launches v if the following two conditions hold: 

(i) There exists a path labeled v in £ leaving the vertex v\ and ending at a 
vertex in Vi+ n 

(ii) The word v does not leave any other vertex in Vi than v\. 
We call the vertex v\ the launching vertex for v. We set 



Definition. A A-graph system £ is said to be X- synchronizing if for any I G N and 
any vertex v\ G Vi, there exists a word v G £>*(A) such that v\ launches v. 

Lemma 2.3 ([40]). Keep the above notations. Assume that £ = (V,E, A, i) is 
A- synchronizing. Then we have 



(ii) The l-past equivalence classes of Si(A) is S v i (A), i = 1, . . . , m(/). 
(hi) for any I -synchronizing word w G Si(A), there exists a vertex G V; 

smc/i i/iai launches uo and iy(cj) = iy 

Definition. A A-graph system £ = (V, i?, A, t) is said to be L-irreducible if for any 
two vertices v, u G Vj and a labeled path 7 starting at u, there exist a labeled path 
from u to a vertex u' G Vz+n such that t n (u') = u , and a labeled path 7' starting at 
it' such that L n (t(j')) = £(7) and A(7') = A(7), where t(j'), t(-y) denote the terminal 
vertices of 7', 7 respectively and A(7'), A(7) the words labeled by 7', 7 respectively. 

Lemma 2.4 ([40]). Let £ = (V, E, A, t) 6e a X-graph system that presents a subshift 
A. 

(i) If £ is L-irreducible, then A is irreducible. 

(ii) Assume that £ = (V, E, X, l) is X- synchronizing. If A is irreducible, then £ 
is L-irreducible. 

We then have 

Proposition 2.5 ([40]). A subshift A is X- synchronizing if and only if there exists a 
left-resolving, predecessor-separated, L-irreducible, X- synchronizing X-graph system 
that presents A. 

Theorem 2.6 ([40]). For a X- synchronizing subshift A, there uniquely exists a 
left-resolving, predecessor-separated, L-irreducible, X- synchronizing X-graph system 
that presents A. The unique X- synchronizing X-graph system is the caninical X- 
synchronizing X-graph system £ A ( A ) for A. 

As in the preceding theorem, the canonical A-synchronizing A-graph system 
£ A ( A ) nas a unique property in the above sense. We henceforth call £ A ( A ) the 
A-synchronizing A-graph system for A. 



S„.(A) = { I /gS.(A)|»; 



\ launches v}. 




,«(A) = Si(A). 
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We say that a A-graph system £ is minimal if there is no proper A-graph sub- 
system of £ that presents A. This means that if £' is a A-graph subsystem of £ 
and presents the same subshift as the subshift presented by £, then £' coincides 
with £. Then we may prove that the A-synchronizing A-graph system £ A ( A ) for a 
A-synchronizing subshift A is minimal ([40]). 

3. A-SYNCHRONIZING C* -ALGEBRAS 

Let £ = (V, E, A, b) be a left-resolving predecessor-separated A-graph system over 
£ and A the presented subshift by £. We denote by {v[, . . . , v l m ^} the vertex set V;. 
Define the transition matrices Aij+i, Ii t i + 1 of £ by setting for i = 1,2,..., m(l), j = 
1,2,..., to(7 + 1), a G S, 



A M+ i(i,a, j) 



if s(e) = uj, A(e) = a, i(e) = v l+1 for some e <E i?zj+i, 



otherwise, 



otherwise. 



The C*-algebra Oz is realized as the universal unital C*-algebra generated by 
partial isometries S a ,a G S and projections = 1, 2, . . . , m(l), I G Z + subject 
to the following operator relations called (£): 

E s ^ = ^ ( 3A ) 

m(7) m(i+l) 

E^ = 1 > ^ = E ( 3 - 2 ) 

»=i j=i 

m(l+l) 

S* a E\s a = E (3.4) 

for a e E, j = 1, 2, . . . , m(i), I G Z+. It is nuclear ([34, Proposition 5.6]). For a 
word n = Hi - •• (ik & Bk(X\), we set = S fll ■ ■ ■ S^ k . The algebra of all finite 
linear combinations of the elements of the form 

S^E\Sl for n,v G B.(X A ), i = 1, . • . , m(l), I G Z + 

is a dense *-subalgcbra of 0£. Let us denote by As, the C*-subalgebra of 0£ 
generated by the projections E\,i = 1, . . . ,m(l),l G Z+, which is a commutative 
AF-algebra. For a vertex v\ G Vj, put 

r+ = {(ai, a 2 , . . . , ) G S N | there exists an edge e„ jrl+ i G i? n ,n+i for n > ? 

such that v\ = s(ey+i), t(e„, n+ i) = s(e n+ i i „ +2 ), A(e n , n+ i) = 

the set of all label sequences in £ starting at v\. We say that £ satisfies condition 
(I) if for each v\ G V, the set r+ (v\) contains at least two distinct sequences. Under 
the condition (I), the algebra 0£ can be realized as the unique C*-algebra subject 
to the relations (£) ([34, Theorem 4.3]). A A-graph system £ is said to A-irrcducible 
if for an ordered pair of vertices u, v G Vi, there exists a number Li(u, v) G N such 
that for a vertex w G Vi+l^u.v) with i L ^ w ' v \w) = u, there exists a path 7 in £ such 
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that 3(7) = v, t(j) = w, where l l '( u ^ means the L;(u, w)-times compositions of u, 
and 5(7), t(7) denote the source vertex, the terminal vertex of 7 respectively ([37]). 
If £ is A-irreducible with condition (I), the C*-algebra 0£ is simple ([34, Theorem 
4.7], [37]). 

Proposition 3.1. Let K be a X- synchronizing subshift over E and £ A ( A ) tfee A- 
synchronizing X-graph system for A. TTien A is homeomorphic to a Cantor discon- 
tinuum if and only if £ A ( A ) satisfies condition (I). 

Proof. Assume that A is homeomorphic to a Cantor discontinuum. Then the right 
one-sided subshift Xa is also homeomorphic to a Cantor discontinuum. For a 
vertex v\ G V^ A \ take a ^-synchronizing word fi = fi\ • • • fik G S'i(A) such that 
launches /i. Take an infinite sequence a; G such that ft G T^(a;). Since Xa is 
homeomorphic to a Cantor discontinuum, any neighborhood of fix in X\ contains 
an element that is different from fix. Hence there exists an infinite sequence x' G X\ 
such that fix' G Xa and x ^ x' . As fi must leave the vertex v\, both the sequences 
fix and fix' are contained in r+ {v\) so that £ A ( A ) satisfies condition (I). 

Conversely assume that £ A ( A ) satisfies condition (I). Since A is a compact, totally 
disconnected metric space, it suffices to show that A is perfect. It is enough to 
show that Xa is perfect. For any x — (xi,x 2 , ■ ■ ■ ) G Xa and a word fi\ - ■ ■ fik 
with /tii = xi, . . . ,fj,k = Xk, consider a cylinder set = {(y„)„ G N G Xa | yi = 
fj,i,...,yk = fik}- Take an infinite path (e n ) ne n in £ A ( A ) labeled x such that A(e„) = 
x n , t(e n ) = s(e„ + i), n G N. Let us denote by v\ G V^ A ^ the terminal vertex of the 
edge efe. Since the follower set r+ (u*) of has at least two distinct sequences, 
there exists x' = {x' k+1 , x' k+2 , . . . ) G r+(^) such that x' ^ (x k +i,x k +2, ■ ■ ■ )■ As 
a;' starts at v!?, the right one-sided sequence fix' = (pi, . . . , fik, x' k+1 , x' k+2 , . . . ) is 
contained in Xa and hence in U^. One then sees that a; is a cluster point in Xa- □ 

Let £ = (V, E, A, 1) be a left-resolving, predecessor-separated A-graph system 
over E that presents a A-synchronizing subshift A. Let S a ,a G E and E\,i — 
1, . . . , m(l), I G Z + be the generating partial isometries and the projections in Oz 
satisfying the relation (£). If £ = £ A ( A ) the A-synchronizing A-graph system for A, 
the algebra Oz is denoted by 0\(a)- We will study the algebraic structure of the 
C*-algebra C A(A ). 

Lemma 3.2. If £ is the A- synchronizing X-graph system £ A ( A ', we have 

(i) For a vertex v\ G Vj, there exists a word fi G Si(A) such that E\ > S^S 1 *. 

(ii) For a word fx G <S/(A), i/iere errasfc a unique vertex v\ G V^ A< - A ^ smc/i that 

Ei>s^s;. 

Proof, (i) For a vertex G VJ, take a word /U G Si(A) such that launches fi. Since 
the word /U does not leave any other vertex in Vi than v\, we have S^EjS^ = for 
j ^ i so that S^S^Ej = for j ^ i. Let n = |yu|. It then follows that 

m(l) 

771/ \ Q 771/ ^ <~f r<* 77'/ \ rr O* Z7^ C C* 

- 2^ b f b u^i > i - 2^ b ^ b V h 'J - M m' 

f€B n (A) j=l 

(ii) For a word /U G Si (A), put w- = G V^ A \ Since launches /U, we have 
S^EjSfi = for j so that S^S^E^ = for j 7^ i. As in the above discussions, 
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we have E\ > S^S*. If there exists j = 1, . . . , m(l) such that > S^S*, we have 
SlE)Sp > S*S^ ^ so that S^S^ 7^ 0. Hence there exists a path in £ A < A ) 
labeled \i that leaves v l j. Since w- launches /z, one has j = i. □ 

Proposition 3.3. A X-graph system £ is X- synchronizing if and only if for a vertex 
v\ G Vi, there exists a word /i G Si(A) such that E\ > S^S* in Og. 

Proof. Since the A-synchronizing A-graph system for A is unique and is £ A ( A ), the 
only if part has been proved in the preceding lemma. We will prove the if part. 
For a vertex v\ G Vi, there exists a word fi = \x\ . . . \i n G Si(A) such that E\ > 
S^S^. Hence we have S^-E-S^ ^ so that the word /j leaves the vertex v\ and 
hence Tf(v\) C iy(/i). For £ G iy(M) we have S^l^ > S^S^S^ ^ so that 
£ £ ry(^). This implies (^) C iy(^) so that 

ry(^) = r r ( M ). (3.5) 

Suppose that /j leaves v l j . Take a path labeled \x in £ from v\ to G V l+n . By the 
hypothesis, for the vertex v l y n , there exists v G S/ + „(A) such that E l -f n > S„S*. 
By a similar argument to the above, one knows 

rr +n (# n ) = r r+ ». (3.6) 

One then sees that 

rj>J) = rr(/u/). (3.7) 

One indeed sees that for £ G r ; ~(vj), one has £/j G rr^. n («y "). By (3.6), one has 
£/z G Tj +n (v) so that £ G iy (/zz/). Conversely, for 77 G iy (/ji/), one has 77/i G Tj~ +n {v) 
so that by (3.6) 77/1 G r^ n (w^™). As £ is left- resolving, one has r\ G r^(uj). Hence 
we have (3.7). Now we know Yj{\iv) = r ; ~(/i) so that we have 

rr(^) = rr(/i). (3.8) 

By (3.5) and (3.8), one has 

rr>') = rr><). 

Since £ is left-resolving, one obtains that u- = Tjj and hence w- launches /x Thus £ 
is A-synchronizing. □ 

The following lemmas are stated in terms of the C*-algebra Oa(A) associated with 
the A-synchronizing A-graph system £ A ( A ) . 

Lemma 3.4. For £,77 G B*(A), we have r+(£) = r+(r?) i/and on/y = S*S V . 

Proof. Let p = |£|, g = |tj|. We may assume that p < q. Let be the set of all 
terminal vertices in V p of paths in £ A ( A ) labeled £, that is 

^) = K e ^K er p"K)}- 

Denote by the cardinal number of We write = {Vj ± , ■ . ■ , v j (M }- 

Similarly, let us denote by the set of all terminal vertices in V q of paths in 
£ A ( A ) labeled 77. Denote by 77(g) the cardinal number of V^y We write = 
{tj^ , . . . , vf. ( }. By the relation (£), one sees 

SIS, = £&+.-. + ^ (p) , = El + ■ ■ ■ + El n{q) . 
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We set 

i p -*(t&)) = K e V, I ^K) e V^} c ^. 

Hence we have = S^S^ if and only if i p ~ q {V p (i) ) = V q (r]) . 

Now assume that = T+(r)). For e V^* take z/(fc) G S g (A) such that 

launches v(k). It is easy to see that i q ^ p {v k ) launches v(k). Since v(k) G r+(ry), one 
has v(k) G r+(£) so that v(k) leaves a vertex in V^Ly As is the only vertex 

which v(k) leaves, one has i q ~ p {v k ) G Hence we have i q ~ % '(V q ^) C and 

hence V q ^ C l ' P ~ q {V p ^)- For the other inclusion relation, take an arbitrary vertex 
v v k G i p ~ q (y£(t\) an d M<?) € S'g(A) such that v v k launches fj,(q). Hence the word fj,(q) 
leaves i q ~ p {v q ) and t 9 ~ p (v k ) launches n{q). As fj,(q) G r+(£), one has fj,(q) G r+(ry) 
so that there exists a vertex v% n G V^? s such that leaves v\^. Therefore we 
have v\ = v q k ^ and hence v q k G V3, so that i p ~ q (V p ,^y) C V^? ^ . This implies 
Sj^S^ — S*S V . 

Conversely assume the equality S^S^ = S*S V holds so that if~ q {Y^\) = KLv 
By the local property of A-graph system, one easily sees that the set of followers 
of V p ^ coincides with the set of followers of V q ^. This implies that = 

r+fa). ' " □ 

For /j,, v G i?*(A), we write /j, y v if there exists a word 77 G B*(A) such that 
r+(i/) = r+(/Lt?7^). The following lemma comes from the preceding lemma. 

Lemma 3.5. For words G B*(A), the following three conditions are equivalent: 

(i) ii>- v. 

(ii) TTiere exists a word 77 G B*(A) sucTi i/iai S*-^ = S*S*S*S ll S v S v in C A (A)- 

(iii) TTiere exists a word 77 G f?*(A) smc/i ifcaf S^S 1 * < S^S^S^S^ in Oa(A)- 

Proof. The equivalence between (i) and (ii) follows from Lemma 3.4. It is clear 
that the equality S*S V = SlS'^S'^S^S^Sv is equivalent to the inequality S V S* < 

Definition. A A-synchronizing subshift A is said to be synchronizingly transitive 
if for any two words ji, v G B*(A), the both relations n>- v and v >- ji hold. 

We note that the A-irreduciblity for £ is rephrased in terms of the algebra Oz 
as the property that for any E\,i — 1, . . . ,m(l), there exists n G N such that 
ELi > 1- where A* (X) = E MeSfc( A) for X G ,4 fl . 

Lemma 3.6. If A is synchronizingly transitive, then £ A ( A ) is \-irreducible. 

Proof. Take an ordered pair uj , G Vj of vertices. Since A is A-synchronizing, by 
Lemma 3.2 , there exists [i G Si(A) such that v\ launches /j, so that E\ > S^S'^. 
For the vertex v l j, take a word v G 5; (A) such that z/ G r ; ~(?jj) so that S* V S V > E 1 -. 
Now A is synchronizingly transitive so that we have 

rr* C* C* C Q Q O* C 

DyD^D ^O^Dr/Ov — O v O v 

for some 77 G £?*(A), and hence 

5* rr* 7-1/ C C C ^ C* C ^ 



Put k = \fiT}u\. We then have A* A(A) (.Ej) > Thus we may find n G N such that 

n 

E A W)(^)>i. 

□ 

Theorem 3.7. Let A &e a A- synchronizing subshift over E. Assume that A is 
homeomorphic to a Cantor dis continuum. If A is synchronizingly transitive, then 
the C* -algebra Ca(A) associated with the A- synchronizing \-graph system £ A ( A ) /or 
A is simple. 

Proof. Since A is homeomorphic to a Cantor discontinuum, the A-graph system 
£A(A) sa tisfies condition (I). By the preceding proposition, synchronizing transitiv- 
ity of A implies that £ A ( A ) is A-irreucible so that the C*-algebra Oa(A) is simple by 
[34, Theorem 4.7] □ 

4. Flow equivalnce and A-synchronizing C* -algebras 

It has been proved that A-synchronization is invariant under flow equivalence 
([40]). In the proof, the Parry-Sullivan's result [41] which says that the flow equiv- 
alence relation on homcomorphisms of Cantor sets is generated by topological con- 
jugacy and expansion of symbols has been used. Let A be a subshift over alphabet 
E = {1,2,..., N}. A new subshift A over the alphabet £ = {0, 1,2,..., N} is 
defined as the subshift consisting of all biinfinite sequences of £ obtained by re- 
placing the symbol 1 in a biinfinite sequence in the subshift A by the word 01. 
This operation is called expansion. The Parry-Sullivan's result stated above is the 
following: 

Lemma 4.1 ([41]). Flow equivalence relation of subshifts is generated by topological 
conjugacy and the expansion A — > A. 

In [40], it has been proved that the A-synchronizing K-groups Kq (A), K£(A) and 
the A-synchronizing Bowen- Franks groups BF®(A), BF X (A) for a A-synchronizing 
subshift A are invariant under flow equivalence of subshifts. The groups Kq(A), 
Ki(A) and the Bowen- Franks groups BF®(A), BF^(A) are realized as the K-groups 
K (O x(A) ), Jfi(0 A (A)) and the Ext-groups Ext (O A(A) ), Ext\O x{A) ) for the C*- 
algebra Ca(A) associated with the A-synchronizing A-graph system £ A( - A ). If the 
algebra Oa(A) is simple and purely infinite, the K-groups ATo(Ca(A))> K\(Ox(a)) 
determine the stable isomorphism class of Ca(A) by the structure theorem of purely 
infinite simple C*-algebras ([14], [42]). 

In this section, we will prove that the stable isomorphism class of the pair 
(Ca(A)) 2?a(A)) of C>a(A) with its Cartan subalgebra 2?a(A) is invariant under flow 
equivalence of A-synchronizing subshifts. We will not assume the simplicity of the 
algebra Ca(A) • As a result, we also give a C*-algebraic proof of the above invariance 
of the groups (A), K$(A) and the Bowen-Franks groups BF°(A), BF X (A) under 
flow equivalence. 

Let A be a A-synchronizing subshift over E = {1,2,..., N}. Let Si,i £ E and 
E\, i — 1, . . . , mil), I £ Z + be the generating partial isometries and the projections 
in the C*-algebra Oa(A) satisfying the relations (£ A ( A )). The Cartan subalgebra 
2? A (A) is defined by the C*-subalgebra of Oa(A) generated by the projections of 

9 



the form S^EfS*, i = 1, . . . , m(l),fi G £>*(A), which is a regular maximal abelian 

subalgebra in (9a(A)- Consider the subshift A over S = {0, 1, . . . ,N} that is ob- 
tained from A by replacing 1 in A by 01. It is A-synchronizing by [40]. Denote 

by the C*-algebra associated with the A-synchronizing A-graph system £ A ( A ) 

for A. Similarly let Si, i G £ and E\ , i = 1, . . . , rh(l), I G Z + be the generating par- 
tial isometries and the projections in the C*-algebra satisfying the relations 

(£ A ( A )). We set the partial isometries 

si — SoSi, Si — Si for i = 2, . . . , N 

and the projection 

P = SqSq + S2S2 + S3S3 + ■ ■ ■ + SnSn = 1 — SiSl 

in °M~AY 

Lemma 4.2. SqS = SiS* and hence sis* = S Sq, s*si = SfSi. 

Proof. Wc note that the set is a singleton. There exists a unique vertex i>j o 

in such that the symbol goes to uj o from V$^ A \ The vertex wj o is the 1-past 

equivalence class [l/z]i for a word 1/i 6 B*(A). It launches the symbol 1. Since 1 
is the only symbol which leaves Vj g , one sees S^,Ej g S a ^ if and only if a = 1. It 
then follows that 

Hence we have Sj o < SiS^. Since the inequality £"j o > SiSf is clear, we have 

E} = S^. 

As wj o is the unique vertex in such that the symbol goes to wj o , one has 

SqS = Ej g . The equalities sis^ = S Sq, sfsi = 5* Si are obvious. □ 

Lemma 4.3. 

(i) P = EU"i a i- 

(ii) P > s*s M /or a// /x G B ; (A), Z G N. 

(iii) £ m6 b,(a) s ^ > -P V ali i G N. 

Proof, (i) Since So So = Sis*, the assertion is clear. 

(ii) Since P = 1 — £?j o , it suffices to show that i?j o _L s*s M for /x = /ii • • • ii; G 
Bi(A). If /tx; 7^ 1, one has s w = S w so that s w Si = S w Si = 0. If ^; = 1, one has 
s w = So Si so that s w 5i = S0S1S1 = 0. In any case we have s w Si = so that 

^4, = 0. 

(iii) We will first prove that YliLi s * s j ^ -P- We know that S*Si = s*Sj for 
i = 1, . . . , N and S£S = SiS? = 1 - P. Since £jl S*S, > 1 in £> A ~ one obtains 

W AT 

£s*s; = l-p+^ s * si >l 

i=0 i=l 
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so that s*Si > P. Suppose that the inequality X^es fc (A) s *n s n — P holds for 

some k e N. It then follows that 

N N N N 

veB k+1 (A) i=l neB k (A) »=1 i,j=l i=l 

Hence we have the desired inequalities. □ 

In the A-graph system £ A ( A \ recall that the set Tj~(vl) for a vertex v\ in Vj denotes 
the predecessor of v\ which is the set of words of Bi (A) presenting by labeled paths 
terminating at v\. Put the projections for i — 1,2, ... , m(l), I G Z + 

4= n n (p- s >»)- 

ner-(vl) veBi(\)\r-(vl) 

For n e B*(A), put 

* 1 * * — 1 73) * 

For t>? e vf (A) , define a function f\ : Bj(A) — >• {1, -1} by setting 



i if** err 
-l if/i0r r (^) 



so that 



Denote by {1, -1} S '( A ) the set of all functions from B t (A) to {1, -1}. 

Lemma 4.4. For e e {1,— 1} B ^ A ^, we have II^es^A) s *n s ^ 7^ i/ orl ^/ */ 
e = /i for some i = 1, . . . , m(Z). In fte case E^es^A) ^sj^ = e i- 

Proof. Suppose that e = /■ for some i = 1, . . . , m(7). Since A is A-synchronizing, 
there exists zv e 5; (A) such that launches v so that 

s*s M > s u s* u for ^er^O-), 

P- S > M >s, S : for M eB,(A)\rj-(t;|). 

Hence we have ri^es^A) s £ s m W ^ S "^C ^ °- 

Conversely suppose that ]l M es ; (A) ^ °- Since Il^ei^A) G ^(A)' 

there exists k > I and = 1,2,..., m(k) such that II^es^A) s j4''"' — ^ e -^a(A)' 
Take ui € Sfc(A) such that u£ launches w. Since J2fj.eB,(A) s ^ s n — P> there exists 
jj, G B>i(A) such that s*s M > . Hence we see that ptuj G £?*(A). As the rightmost 
of \i is not 0, the leftmost of ui is not 1. Let ui be the word in -B*(A) obtained from 
lo by putting 1 in place of 01 in lj. Since E^ > S^S^, one sees that 

/u€Si(A) 

As e T^ A \ we have [a;]; = w- for some i = 1, . . . ,m{l). The vertex v\ launches 
u) so that e = f\. □ 

li 



Lemma 4.5. For /j,, v G Bi(A) and a, (3 G E 7 we /iai>e 

(i) ^(-P - *a*a)*,. • sffiSpSn = (P - S^S^sJ^S ^ . 

(ii) s Q • s ^s^(P — s v s u )s a = s^ a s^ a (P — s va s va ). 
Proof, (i) Since PspSp = SpSp and hence s^PspspSfj, = Sp sp^, we have 

= (P — s a^ s afj.) s /3fj, s Pfi- 

(ii) Since Ps Q = s a and s* Q s MQ , = s*^ a s^ a P, we have 

s a ' S [i S H\^ ~~ S v S v )S a — S^ a S^ a — Sn a SiiotS va S vot 



□ 



Lemma 4.6. The partial isometries s a , a G X and ffte projections e[, i — 1,2,..., m(Z), 
/ G Z + satisfy the following operator relations: 

E s ^ = P < ( 4A ) 

/3es 

m(l) m(/+l) 

E e '= p > e '= E (4.2) 

i=i i=i 

s a «;ej = ejsas;, (4.3) 

m(i+l) 

«ae<*a= E Ai+i(^a,j)4 +1 ' ( 4 - 4 ) 

/or a G E, i — 1, 2, . . . , m(l), I G Z+, where 7; i ; + i , j4; ; ; + i denote the transition 
mattices for the \-graph system £ A ( A ) . 

Proof. The equality (4.1) has been proved in Lemma 4.3 (i). 
It follows that 

^= n 0vv+p-^v)= e n s ;^ } - 

By Lemma 4.4, the nonzero n^es,(A) s ^ s m M ' i s °f the form Il^es ; (A) s ju s ju ^ ^ or 
some i = 1, . . . , m(Z) so that we have P = J2i^i e \- 
We will next show the equality (4.4). It follows that 

s* a e[s a = a*( JJ JJ (P-s*s„))s Q 

Mer-(^) u€B,(A)\r- ( v \) 

Hence s* a e\s a is written as a finite sum of e' +1 , j = 1, . . . , m(l + l). If s* e-s Q > e^ +1 , 
then one has 

<(P - 8ts v )8 a > e\ +1 for v G B,(A)\rj>!). 
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Since 

4 +i = n n (p-fa) 

ter- +1 (v>+ 1 ) neB l+1 (A)\r- +1 (v'+ 1 ) 

and A is A-synchronizing, there exists ((j) E 5; + i(A) such that [C(j)];+i = v j +1 - 
Hence we have e^ +1 > s^^s^y As s* a e\s a > e^ +1 > s^^ys^jy one nas e l > 

*aCCi) a aC(3) HenCe 

M aC(j)eS*(A) for M er ; -(^), 
^aC(i) B.(A) for !/ G B,(A)\iy(t4) 

so that [ccC(j)]z = Since [C(j)];+i = one has -^J,i+i(*> a > = 1- Therefore 
the condition s* a e\s a > e^ +1 implies Ai t i + i(i,a,j) — 1. Hence we obtain 

m(i+l) 
3=1 

We will next prove the second equality of (4.2). By the equalities 

e '= n s >» n {p-sts v ) 

per-(^) ^eB,(A)\r-(^) 

m(l) m(l) 

= n (E^4v) n {p-^steW) 

one knows that e\ is a finite sum of e[, . . . , e^ll+i)- Suppose that e\ > e' +1 . Since 
v l 3 +1 = [C(i)];+i f° r somc C(i) € Sj+i(A), one has e^ +1 > Sc(j) s C(j) and nence 
e i > s C0') s C0')' i m P ues 

n s ^ n (p- s >u) > Hu) s h) 

fier-(v\) V €B,(A)\r- (v\) 

so that 

s*s M > Sc(j) s C(j) and hcnce S K0) ^ for M e r r( w i)- 
-P - s* v s v > s C(j) s f(j) and nence S K0') = for ^ G Bi(A)\r ; ~(u|). 

Hence 

K(j)eB,(A) far/ier^), 

K(j)^P*(A) for v G B,(A)\r;>j). 

Thus one has [C(j)]i — v\. As [CC/)]z+i = one obtaines that = 1. 

We then conclude the second equality of (4.2). 

The projections e- and s* s Q all belong to the commutative C*-subalgebra of 
^A(A) g enerate d by the projections S^S^S^ ■ ■ ■ S^S^ n S*, • • • £„ G £?*(A). The 
commutativity between e- and s* s Q is obvious. Thus we complete the proof. □ 

Therefore we have 
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Corollary 4.7. The C* -subalgebra of generated by the partial isometries 

s a , a e E and the projections e\, i = 1, . . . , m(Z), Z G Z + is canonically isomorphic 
to the C* -algebra Ca(A) associated to the X-graph system £ A ( A ). 

We identify the algebra Ca(A) with the above C*-subalgebra of ®^Q\ generated 

by the partial isometries s a , a G E and the projections e\,i = 1, . . . , m(l), I G Z+. 
We note that the projections e-,i = l,...,m(Z), Z G Z + and P are written by 
s a , s* , a G E so that the subalgebra Oa(A) is generated by s a , a G E. 

We will henceforce prove that the C*-subalgebra PO^g\P is generated by s Q , a G 

Let i.,r, be the C*-subalgebra of 0. ,-r, generated 

A(A) ' A(AJ 

by the projections i = 1, ...,m(Z),Z G Z + , similarly „4a(A) the C*-subalgebra 
of generated by the projections e', i = 1, . . . , m(Z),Z G Z + . The subalgebra 

-4a(A) is naturally regarded as a corresponding subalgebra of Ca(A) through the 
canonical isomorphism in the above corollary. 

For a word v = v\ ■ ■ ■ v\ G P;(A) satisfying v\ ^ \,v\ ^ 0, we define the word 
v G P*(A) by putting 1 in place of 01 in v. Since s\ = SoSi, the following lemma 
is straightforward. 



E, that is PO,,~r,P 

A (A J 



o 



A(A)- 



Lemma 4.8. For 

form: 



fi = Hi ' ' ' Hk € Pfe(A) ; the partial isometry is of the 



^ 1, Z*fc ^ 0, 

if Hi = 1, A«fc 7^ 0, 

# 1, Z*fc = o, 

l/yUl = 1, ^ fe = 0. 



,Sis l j /2 ... l j /k _ 1 So 
Lemma 4.9. For any h — Hi ' ' " A*fe S Pfe(A), we /icwe 

s i s »2-»* p A»i = X ' Z*fe ^ 0, 
i/ Mi 7^1, Mfc = 0, 

,0 if /ii = 1, ^ fe = 0. 



Proof. By the preceding lemma, it suffices to show that .So-Z 3 = for both the third 
case and the fourth case. As SqSo = Si SI, we have 

S P = SbSiSJP - S 5i5J(l - = 0. 

□ 



Lemma 4.10. For 



ps;s^p = ( 



H = Hi " ■ ' Hk S Pfe(A) 7 we /icwe 

«/>i ^ 1, Mfc 7^ 0, 
= 1, Mfc ^ 0, 
1) Mfc = o, 
»/A*i = 1, Mfc = 0. 








Proof. By the preceding lemma, it suffices to show the equality for the second case. 
For hi — 1, /^fc 0, one has S^P = £is ^ 2 ... w P so that 



PS^P : 



PS *H2-- tl k S l SlS V2-Hk P - Ps U-»k S l SlS W~»k P 
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□ 

Corollary 4.11. PA^P = A X{A) . 

Proof. By the previous lemma, one sees that for /i £ 13* (A), the element PS^S^P 
belongs to PA\(\)P. As P is the unit of A\(a), one knows that PS*S^P <G A\(a). 
Since A x ^ is generated by the projections S^S^, \i € P*(A), we have PA^q^P C 
-4a(A)- The converse inclusion relation P.4 ~^P D A\(\) is clealr. □ 

Lemma 4.12. For any ft = ■ ■ ■ & B^{K), we have 

(Sis* T s- — -rSi iftH^l, 

(1 -P)S* U SM -P) = \ ~ 1 Mi-M*l 1 _ ""^ 

Proo/. Since 1 - P = SiSf, it follows that 



(i-p)s;5 M (i-p) = s 1 s; 1 s^ 1 s 1 * = 



^fe^r^r if^/i, 



As S^Si = s^si, one sees the desired equalities. □ 
Corollary 4.13. (1 - P)A x(K) (l - P) C SMa (A )SJ. 

Proof. By the previous lemma, one sees that for /i e £?»(A), the element (1 — 
P)S*S M (1 - P) belongs to SiA\ W St so that we have (1 - P)„4 A( ^(1 - P) C 

S'l^ACA)^*- D 

Proposition 4.14. PO^P C A(A ). 

Proof. The C*-algebra PO x q\P is generated by the elements of the form: 

PS^A ■ ■ ■ SlS in S* v P, • ■ • G S,(A). 

Suppose that PS^S^S^ • ■ • S^ n S^ n S*P ^ 0. Let /i = \x\ ■ • ■ Hk, v = v\ ■ ■ ■ v^. Since 

PSft = ^ and S*P — S'* ^ 0, one has /Ui ^ \,v\ ^ 1. Hence the words /U, 
satisfy the first condition or the third condition in Lemma 4.8. 
Case l^/zfcjjM), Vh 7^ 0. 

Since S^SxSt = 0, we have 5 W (1 - P) = so that 5 M P = S^. Hence 
commutes with P. Similarly S y commutes with P. By Lemma 4.8, one sees that 
Sn — sjr, S u — s-. It then follows that 

p§A*A • • • - v^*A • • • 

Since S^S^ ■ ■ ■ S^S^ n £ *^\(A) ano ~ ^ > A\(A)^ > = ^( A )' one sces tnat tne e l ement 

ps fi sis il ---s* u s u s:p 

belongs to sjt-4a(A) s f and hence to Ca(A)- 
Case 2: ^ife ^ 0, ^ = 0. 
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As in the above discussion, we know that S, commutes with P. Since PSqSo = 0, 
one has 



= S M PS*S S?A ■ ■ ■ SlSsJ^.^P = 

a contradiction. 

Case 3: =0,^h¥ : 0- 

This case is similar to Case 2. 

Case 4^ fi k =0,v h = 0. 

Since S P = 0, we have S, = 5^(1 - P) and similarly S* = (1 - P)S* V . As both 
words /i, v satisfy the third condition in Lemma 4.8, one sees that 

Sf_i = s fj, 1 ---fj, k _ 1 So^ S v — s Vl ... Vh _ 1 So. 

It then follows that 

ps, = s, = 37:1-7^0(1 - p), s;p = s; = (i- p)§* s ^_. 

Hence we have 

PSnSlSb-'-SlStJtP 
=s 7 ^ 1I ^S (l P)S»% • • • - P)^*^^. 



By the preceding lemma, one knows that (1 — P)-4w^\ (1 — P) C Si.-4 A (a)ST so that 
the element 5 (1 - P)%% • • • §| n ^„ (1 - P)5fi belongs to S 5i.A a( a)S?55 which 
is Si-4 A (A)S*- Hence the element PS^S^S^ ■ ■ ■ S^S^ n S*P belongs to Si-4 A (a)S* 



and hence to A (A)- 



Therefore in all cases we see that PS^S^S^ ■ ■ ■ S^ n S^ n S*P belongs to Oa(A) so 

? A(A) J 



that we conclude PO „ Tl PC C A (A) • 



Let D ^ ~ be the C*-subalgebra of ^ generated by the projections S^EjS*, 
H € P*(A), i = 1,. . . ,rh(l),l G Z+, similarly P A (A) the C*-subalgebra of X (A) 
generated by the projections s^e-s*, v <G P*(A), i = 1, . . . , rh(l), I E Z+. The 
subalgcbra P A (A) is naturally regarded as a corresponding subalgebra of C A (a) 
through the canonical isomorphism in Corollary 4.7. 

Proposition 4.15. 

W «W = °A(A). 

(") A(A) W A (A)=° A (A)- 
H ro A(A) P = ^(A). 

Proof, (i) The inclusion relation PO^ ~ P D C A (A) is obvious so that by the pre- 
ceding proposition we have PO^q^P = C A (a)- 

(ii) Since SfiSo = one has SftPS = 5^5 = SiS$. It follows that 

s* ps a + p = ^2s j s* = 1. 

This means that P is a full projection in C^)" 
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(iii) In the proof of Proposition 4.14, the projection PS^S^S^ ■ ■ ■ S* P be- 

longs to £>a(a) so that PT> x q^P C 2?a(A)- The other inclusion relation PT> x q^P D 
2?\(a) is clear. □ 

Let K(H) be the C*-algebra of all compact operators on a separable infinite di- 
mensional Hilbcrt space H and C(H) a maximal commutative C*-subalgebra of 
K{H). 

Theorem 4.16. Assume that A is a X- synchronizing subshift that is homeomorphic 
to a Cantor dis continuum. Then we have 

(O x(K) ® K{H),V xCk) ® C{H)) - (0 A(A ) ® K{H),V X(K) ® C(tf)). 

In particular we have 

O x(K) ®K(H)^O x{A) ®K(H). 

Proof. Proposition 4.15 (ii) shows that the projection P is full in C A ( A ')' ^ W' we 
have desired assertions. □ 

Therefore we conclude 

Theorem 4.17. Assume that X- synchronizing subshifts Ai and A2 are homeomor- 
phic to a Cantor discontinuum. Supposee that Ai is flow equivalent to A 2 . Then 
we have 

(O a(Ai) ® K(H),V x(Al) ® C(H)) - (0 A(Aa) ® K(H),V X(A2) ® C(# )). 
In particular we have 

O KAi) ®K(H)~O KA2) ®K(H). 

Proof. Flow equivalence relation of subshifts is generated by topological conjugacy 
and expansion A — » A. Suppose that A-synchronizing subshifts Ai and A 2 arc 
topologically conjugate. By [27, Proposition 3.5], their symbolic matrix systems 
(VW A(Al) ,/ A(Al) ) and (M HA2 \l x( - A2) ) are strong shift equivalence. Then we have 

(O a(Ai) ® A-(ff), D A(Al) ® C(tf)) = (O a( a 2 ) ® K(H), V HA2) ® 

by [35, Theorem 4.4]. Hence by the above theorem, we have desired assertions. □ 

Corollary 4.18 ([40]). Assume that X- synchronizing subshifts Ai and A 2 are home- 
omorphic to a Cantor discontinuum. Supposee that Ax is flow equivalent to A 2 . 
Then the X- synchronizing K-groups and the X- synchronizing Bowen-Franks groups 
are isomorphic to each other, that is 

K X {A 1 )^K X {A 2 ) and BF{(A{) = £?F A (A 2 ), i = 0, 1. 
5. Examples 

1. Sofic shifts. 

Let A be an irreducible sofic shift which is homeomorphic to a Cantor discon- 
tinuum. Let Gf(A) be a finite directed labeled graph of the minimal left-resolving 
presentation of A. Such a labeled graph is unique up to graph isomorphism and 
called the left Fischer cover ([9], [17], [18], [43]). Let £g F(A) be the A-graph system 
associated to the finite labeled graph Qf(A) (see [34, Proposition 8.2]). Then the A- 
synchronizing A-graph system £ A ( A ) for the sofic shift A is nothing but the A-graph 
system £g F(A) . Let N be the number of the vertices of the graph Gf(A) ■ Let M. F ( A ) 
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be the N xN symbolic matrix of the graph Gf(A) ■ Let A F ^ be the N x TV nonneg- 
ative matrix defined from Mf(a) by all symbols equal to 1 in each component of 
M.f(\)- Then the C*-algebra Oa(A) of the A-graph system £ A ( A ) is simple, purely 
infinite. The algebra Oa(A) is nothing but the labeled graph C*-algebra Og F(A) for 
the labeled graph Qf(A) (cf. [1])- It is isomorphic to a Cuntz-Krieger algebra. The 
A-synchronizing if-groups and the Bowen-Franks groups are as follows: 

K$(A) = Z N /(I N -A F{A) )Z N , K?(A)=Ker(I N -A F{A) ) in Z N 

and 

BF°(A) = Z N /(I N - A F(A) )Z N , BFl(A) = Ker(I N - A F{A) ) in Z N . 

They are all invariant under flow equivalence of A. 
2. Dyck shifts. 

Let N > 1 be a fixed positive integer. We consider the Dyck shift Dn with 
alphabet £ = E~ U£ + where E~ = {a\, . . . , ajv}, £ + = . . . , /?at}. The symbols 
Q!j, ft correspond to the brackets ($, respectively. The Dyck inverse monoid for £ 
has the relations 

I otherwise 

for i, j = 1, . . . , N ([16], [25]). A word u>i ■ ■ ■ w n of E is admissible for precisely 
if Ilm=i w m 0- For a word ui = ui\ ■ ■ ■ to n of £, we denote by cD its reduced form. 
Namely ui is a word of £ U {0, 1} obtained after the operations (5.1). Hence a word 
u> of E is forbidden for Dn if and only if uii = 0. 

Let us describe the Cantor horizon A-graph system £, ch ( D ^) f Z?at. Let Eat 
be the full TV-shift {l,...,iV} z . We denote by B t (D N ) and Bi(Y, N ) the set of 
admissible words of length I of Dn and that of Eat respectively. The vertices Vi of 
gCh(D N ) at \ CYC \ i are gi ven by the words of length I consisting of the symbols of 
E+. That is, 

Vi = {P^---P W GB I (D JV )|/ii--- W GS,(Ej V )}. 
It is easy to see that each word of Vi is /-synchronizing in D N such that V\ represent 
the all /-past equivalence classes of D^. Hence we know that Vi = ^ a(jDn) . The 
cardinal number of Vi is N l . The mapping l(— hj+i) : Vi+i -> V; deletes the 
rightmost symbol of a word such as 

^•••/3 W+1 ) = ^ 1 ---/3 W , /3^---/3 w+1 GVj+i. (5.2) 

There exists an edge labeled ctj from G V; to /3 Mo /3 Ml ■ • ■ /3 W G Vj+i 

precisely if /zo = j, and there exists an edge labeled /3j from PjP^ ■ ■ ■ (3 fll _ 1 G V; 
to • • • G V;+i. The resulting labeled Bratteli diagram with t-map is the 

Cantor horizon A-graph system £ ch ( D N) f Djy. One knows easily the following: 

Proposition 5.1. TTie Dyck shift Dm is A- synchronizing, and the A- synchronizing 
X-graph system £ A (-°«) j s ^ e Cantor horizon X-graph system £ c,1 ( d n) _ 

The Cantor horizon A-graph system £ Ch ( D N) gives rise to a purely infinite simple 
C*-algebra £ ci.(%) ([25], [38]). The K-groups of the C*-algebra £ ci.(%) are 
realized as the K-groups of the A-graph system £ CIi ( d n) so ^hat 

K (O x{Dn) )^Z/NZ®C(&,Z), K^O^^O ([25], [38]), 
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where C(ft, Z) denotes the abelian group of all Z- valued continuous functions on a 
Cantor discontinuum 

3. Topological Markov Dyck shifts. 

We consider a generalization of the above discussions for the Dyck shifts. Let 

A = [A(i, j)]ij = i n be an N x N matrix with entries in {0, 1}. Consider the Dyck 

inverse monoid for the alphabet S = £~ U S + where £~ = {a>i, ■ ■ ■ , ajv}, E + = 
• • • ,0n}- which has the relations (5.1). Let Oa be the Cuntz-Krieger algebra 
for the matrix A that is the universal C*-algebra generated by N partial isometries 
ti, . . . , tjv subject to the following relations: 

N N 

£ tjt* = 1, t*ti = ^ A(i, j)tjt* for * = 1, . . . , N 

3 = 1 3 = 1 

([7]). Define a correspondence ipA ■ S — > {f*, i, | i = 1, . . . , N} by setting 

<PA(aii)=t*, ifA(Pi)=U, i = l,...,N. 

We denote by S* the set of all words 71 • • • 7„ of elements of £. Define the set 

3a = {71 ' ' 'In S S* I </?a(7i) • • -<PA(7n) = in Oa}- 

Let Da be the subshift over £ whose forbidden words are 3a . The subshift is called 
the topological Markov Dyck shift defined by A ([39]). These kinds of subshifts 
have first appeared in [23] in semigroup setting and in [12] in more general setting 
without using C*-algebras (cf. [39]). If all entries of A are 1, the subshift becomes 
the Dyck shift Dm with 2N bracket, because the partial isometries {(^(a,), <p(/3i) | 
i = 1, . . . , N} yield the Dyck inverse monoid. Consider the following subsystem of 
D A 

= {(7i)< ez e I>a | 7ieE+*eZ}, 

which is identified with the topological Markov shift 

Aa = e {1, • . • , N} z | A{x u x i+1 ) = 1, * G Z} 

defined by the matrix A. If A satisfies condition (I) in the sense of Cuntz-Krieger 
[7], the subshift Da is not sofic ([39, Proposition 2.1]. Hence most irreducible 
matrix A yield non Markov subshifts Da- Similarly to the Dyck shifts, one may 
consider the Cantor horizon A-graph systems £ Ch ( D A) f or ^ e topological Markov 
Dyck shifts Da, which have been studied in [39]. We denote by Bi{D\) the set 
of admissible words of length I of D\. The vertices Vi, I £ Z + of £ ch ( D A) arc 
given by the admissible words of length I consisting of the symbols of S + . They 
are ^-synchronizing words of Da such that the ^-past equivalence classes of them 
coincide with the /-past equivalence classes of the set of all /-synchronizing words 
of Da- Hence Vi = y^ DA \ Since Vi is identified with Bi(Aa), we may write Vi as 

The mapping l(= tu+i) : Vi+i Vi is defined by deleting the rightmost symbol of a 
corresponding word as in (5.2). There exists an edge labeled a 3 - from j3 lll ■ ■ ■ /3 W G Vi 
to (3 f _ ll ■ ■ ■ G Vi+i precisely if = j, and there exists an edge labeled 0j from 
PjPni ' ' ' Pvi-i G V; to f3 fll ■ ■ ■ It is easy to see that the resulting labeled 

Bratteli diagram with t-map becomes a A-graph system written £, c H d a) called the 
Cantor horizon A-graph system for the topological Markov Dyck shifts Da- 
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Proposition 5.2. The subshift Da is \- synchronizing, and the X- synchronizing 
X-graph system £ A ( £) ^) is the Cantor horizon \-graph system £p h i D A) _ 

Hence the C*-algebra Oa(d a ) coincides with is the algebra £ cm»a)- By [39, 
Lemma 2.5], if A satisfies condition (I) in the sense of [7], the A-graph system 
£Ch{K A ) sa tisfies A-condition (I) in the sense of [37]. If A is irreducible, the A-graph 
system £ ch ( A A) j s A- irreducible. Hence we have 

Proposition 5.3. Suppose that A is an irreducible matrix with entries in {0, 1} sat- 
isfying condition (I). Then the C* -algebra 0\m A \ associated with the X- synchronizing 
X-graph system £ x ( d a) for the topological Markov Dyck shift Da is simple and 
purely infinite. 

One knows that /3-shifts for 1 < (3 £ R, a schynchronizing counter shift named 
as the context free shift in [28, Example 1.2.9], and Motzkin shifts are all A- 
synchronizing. Their C*-algebras for the A-synchronizing A-graph systems have 
been studied in the papers [13], [30], [36] respectively. 

Acknowledgment: The author would like to thank Wolfgang Krieger for his var- 
ious discussions and constant encouragements. 
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